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Abstract 

We construct a large class of ne-w singularity-free static Lorentzian four¬ 
dimensional solutions of the vacuum Einstein equations with a negative 
cosmological constant. The new families of metrics contain space-times 
with, or without, black hole regions. Two uniqueness results are also 
established. 


1 Introduction 


It is part of the folklore expectations in general relativity that the following 
statements hold for solutions of Einstein’s equations, with or without a cosmo¬ 
logical constant: 


• Static non-singular solutions possess at least three linearly independent 
local Killing vector fields near each point. 
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Stationary non-singular solutions possess at least two linearly independent 
local Killing vector fields near each point. 


By local Killing vector fields we mean those solutions of the Killing equations 
which are defined in a neighborhood of some point, and which do not neces¬ 
sarily extend to global solutions.^ There is a wide body of evidence that these 
statements are correct when the cosmological constant vanishes^ or is positive 
(see ill |Tl|,^ and references therein), and some very partial results 
indicating that this could perhaps be true when the cosmological constant A is 
negative |^,^,1A,K,^. The object of this paper is to show that such rigidity 
is false in this last situation. More precisely, for A < 0 there exist 4-dimensional 
strictly globally staticf\ solutions (./#, g) of the vacuum Einstein equations with 
the following properties: 


1. g) is diffeomorphic to Mx S, for some 3-dimensional spacelike Cauchy 
surface S, with the M factor corresponding to the action of the isometry 
group. 

2. (S, g's), where g's is the metric induced by g on E, is a complete Rieman- 
nian manifold. 

3. (./#, g) is geodesically complete. 

4. All invariants of g which are algebraically constructed using the curvature 
tensor and its derivatives up to any finite order are uniformly bounded 
on ./#. 

5. (./#, g) admits a globally hyperbolic (in the sense of manifolds with bound- 
ar >0) smooth conformal completion with a timelike 

6. (E,g's) has a C°° conformal compactification. 

7. The connected component of the group of isometries of g) is exactly 
M, with an associated Killing vector X being timelike throughout 

8. There exist no local solutions of the Killing equation other than the (glob¬ 
ally defined) timelike Killing vector field X. 

^ An example is given by rotational Killing vector fields on a torus, which exist in a neighbor¬ 
hood of each point, but which do not extend to globally defined vector fields. The restriction 
to local Killing vector fields is necessary in the statements above: the four dimensional higher 
genus Kottler black holes have four locally dehned Killing vector fields in a some neighborhood 
of each point, but only one which is globally defined. 

^In the A = 0 case the only exception known to us is provided by the Myers — Nicolai- 
Korotkin metrics which are, however, not asymptotically flat in the sense which one 

usually uses in the context of black hole space-times. 

®We shall say that a space-time is strictly globally static if it contains a (strictly) timelike 
Killing vector field which is orthogonal to the level sets of a globally defined time function. 

"^We say that a space-time with boundary is globally hyperbolic if it contains a Cauchy 
surface; the latter are defined as hypersurfaces which are intersected by every inextendible 
causal curve precisely once. 
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An example of a manifold satisfying points |T[] 6 | above is of course anti-de Sitter 
space-time. Clearly the anti-de Sitter solution does not satisfy points and p. 

One of the main results of this paper is a general existence theorem produc¬ 
ing a large class of space-times satisfying 1 - 8 , with prescribed data at conformal 
infinity. 

Theorem 1.1 Any C°° strictly globally static Lorentz metric 7 on M x 3“^, i.e. 

7 = -a^dt^ +gs2, 

with a > 0 and of non-negative scalar curvature on M x 5^, is the conformal 
infinity of a complete, strictly globally static vacuum metric on M x 
with cosmological constant A = — 6 . 


Generic space-times in this result satisfy points 1-8 (if 7 has another Killing 
vector, then g also will; in particular the construction also yields non-trivial 
static-axially symmetric vacuum metrics). A related, but weaker, existence 
result is proved for space-times with A < 0 and with conformal infinity of the 
topological form M x T^. 

An existence result of this kind is also proved for space-times with black 
holes of any given genus at the horizon and at conformal infinity, (although again 
this result is not as general as Theorem 1.1 in terms of the prescribed boundary 
data at infinity, see the discussion before ( 3.13| )). In the black hole context. 
Points 1-8 remain correct, with the following obvious variations: Point remains 
correct if ^ is replaced by its domain of outer communications. Point ^ remains 
correct if completeness is understood in the sense of manifolds with (minimal) 
boundary. Finally, completeness holds for geodesics starting in the domain of 
outer communication except perhaps for those which cross the future or past 
event horizons. The remaining points remain correct without modifications. 

Throughout this work we restrict attention to dimension n = 4. Similar 
but weaker results can be obtained in higher dimensions; this will be discussed 
elsewhere. Let us simply mention that arguments used below provide, e.g., 
existence of vacuum (re -|- l)-dimensional strictly globally static metrics, with 
the associated boundary metrics lying in a neighborhood of —dt^ -\- 5 + 1 , where 
g'+i is the round unit metric on (this is the boundary metric arising from 
the (re -|- l)-dimensional anti-de Sitter metric). Further, using Kaluza-Klein 
reduction one can in particular obtain space-times as above, with or without 
black hole regions, which satisfy the Einstein-Yang-Mills-dilaton field equations; 
solutions belonging to this family have been numerically constructed in ||, 34|; 
see also |^. 

It is clear that there should exist stationary and not static solutions as 
above, which can be constructed by solving an asymptotic Dirichlet problem 
for the stationary Einstein equations in a conformally compactifiable setting. 
We are planning to study this question in a near future. 

This paper is organised as follows: In Section we review those results 
of ii which are needed for our work here, and we give conditions under 
which hypersurface-orthogonality descends from the conformal boundary to the 
interior. In Section |3| we prove our existence and uniqueness results. In Section 
we justify the claims |l[] 8 | made above. 
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2 Isometry Extension 


Let M be an oriented 4-nianifold with compact boundary dM. In this section, 
we work exclusively with Riemannian metrics. The results obtained here will 
be applied to Lorentzian metrics in Section |^. 

Let E = E^’^ denote the space of conformally compact or asymptotically 
hyperbolic (AH) Einstein metrics on M ; thus g G E'^^ if g is an Einstein metric 
on M, 

RiCg = -3g, 


and g has a (7”*’“ conformal compactification, m > 2, a > 0. By this we mean 
that the metric p^g extends by continuity to a (7”^’“ Riemannian metric on 
M, where p is any function which vanishes precisely on dM, and has nowhere 
vanishing gradient there. Let £ = be the moduli space of such Einstein 
metrics, i.e. £^^ = E^’^ /T’l, where Vi is the group of ( 7 "*+^’“ diffeomorphisms 
of M which restrict to the identity on dM. 

Let C = C™’® be the space of pointwise conformal classes of (7™’“ metrics 
on dM. One then has a natural boundary map 


n : ^ c, n[ff] = [ 7 ], 


( 2 . 1 ) 


which associates to each class [ 5 ] its conformal infinity [ 7 ] on dM. 

From IQ, Thm. A], £ is either empty, or an infinite dimensional Banach 
manifold, and H is a smooth Fredholm map of Fredholm index 0. Thus, if 
non-empty, Im H is a “variety” of finite codimension in C. This result holds for 
any m > 2 , in particular for m = 00 or for m = oj, i.e. real-analytic. 

For g G £, let K = Kg be the kernel of DU, i.e. the space of symmetric 
bilinear forms h on {M,g) which are in L‘^{M,g) and satisfy DIl{h) = 0. At 
any g G £ for which Kg = 0, the map DYi is an isomorphism and hence n(£’) 
contains an open neighborhood of 7 = n(g') in C, cf. Thus, if £ 

contains a regular point of H, then ImH C C is a variety of codimension 0 in 
C. It is natural to conjecture that £ always contains such a regular point, and 
in fact such regular points are dense in £, although these issues are currently 
unresolved in general. 

The starting point of the work in this section is the following result |^, 
Thm. 3.2] 


Proposition 2.1 Let g he an AH Einstein metric on a 4-i^o.nifold M, g G 
fn > A, with conformal infinity [ 7 ]. Then any connected group G of 
effective conformal isometries of {dM, 7 ) extends to a connected group G of 
effective isometries of (M, g). 


In particular, if (dM,^) = (S'^, 70 ) is the round metric on S^, then any AH 
Einstein filling metric has an effective isometric SO{3, 1) action. The only such 


is unfortunate that Proposition 2.1 does not necessarily hold for isometries which do 
not lie in the connected component of the group, as such a property would have considerably 
simplified some of the arguments below. 
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metric is the hyperbolic metric g-i on the 4-ball In all other cases, by the 
well-known Obata Theorem, (the conformal isometry group is equivalent to the 
isometry group unless 7 is the round metric on S^), one may assume that G is 
a group of isometries of (9M, 7 ). 

Thus, let G = and suppose that we have an isometric action on 
(cIM, 7 ). It follows that this action extends to an isometric action on any 
AH Einstein filling metric {M,g), with associated Killing field K. 

For an AH Einstein metric with an effective action on M, there are in 
general three types of orbits: 

• principal orbits, on which the action is free; 

• exceptional orbits, on which the action has a non-trivial but finite isotropy 
group; 

• fixed points. 


The fixed point set F consists of a finite collection of smooth surfaces B = 
yjBi embedded in M, and a finite number of isolated points N = Unu these are 


called bolts and nuts respectively in the terminology of Gibbons-Hawking [18|. 
In general, the bolts might intersect infinity, i.e. dM, and so be complete open 
surfaces in M. This will be the case if the Killing field K vanishes on circles 
in dM. For simplicity, we rule out zeros of K at dM, and in fact we will only 
consider free actions on dM. 

Let S = M/S^ be the orbit space of the action, with vr : M —> S the 
projection to the orbit space. By E is topologically a 3-manifold with 

boundary, with dTi = B. Of course the nuts correspond to isolated points in S. 
Note that E also has a boundary at infinity cIooE corresponding to the quotient 
dM/S^. Let E denote the exceptional set, i.e. the union of the exceptional 
orbits in M. Then the quotient Tie = consists of a finite number of 

smooth embedded curves ak in E, along which the isotropy is constant. Each 

O 

curve ak is either a closed curve in the interior S, or is an arc with distinct 
endpoints dak C dT. Let P <Z M denote the union of the principal orbits of 
the action. Then P is open and dense in M and Ep = vr(P) is open and 
dense in E. 

The metric g on M induces a metric g^, on the orbit space, for which the 
projection tt is a Riemannian submersion. It follows that g may be written in 
the form 

g = v?{d(t) + ef pMgE., (2.2) 

where 0 is a connection 1-form, u is the length of the Killing field K and 
K = d/dcf). The parameter cj) parameterises a circle 5^. 

The nuts and bolts in M are exactly the locus where the Killing field K 
vanishes, i.e. the 0-set of the function u. It is well-known that sets of fixed points 


are totally geodesic, cf. [^, and hence the boundary dT is totally geodesic in 


®The fact that the hyperbolic metric is the only Einstein metric on a spin 4-manifold with 
conformal infinity (S'®, 70 ) has already been established by rather different methods in |M. 


5 








S. The same argument shows that the exceptional curves 7 ^ are geodesics 
in (S, 5 rs). The metric gfs is not smooth along each 7 ^, but has normal cone 
singularities, i.e. metrically the normal disc to 7 ^ at a point of 7 ^ is of the form 
where the cyclic group acts in the usual way by rotation on 
here of course the order k' might depend on k. 

We will use the following terminology. The action on {M,g) is strictly 
globally static if (M, g) is globally a warped product of the form 

M = X S, g = u^dcj)^ + 7r*5s, (2.3) 


where tt : S —> M is strictly positive and g^. is a complete metric on S, dTi = 0 . 
In this case, the action is just given by rotations in the factor; there are 
no nuts, bolts or exceptional orbits. The 5^ action is globally static if ( p.3| ) 
holds with u = 0 somewhere. In this case, the locus {u = 0} is given by bolts 
- there are no nuts or exceptional orbits. Next, the 5^ action is topologically 
static if the bundle ^ P ^ T,p is a trivial bundle, i.e. it admits a 
section. This is equivalent to the existence of a cross-section of the fibration 
P U E EpuE- [[] Finally, we define the 5^ action to be locally static if every 
point of (M, g) has a neighborhood isometric to a neighborhood of a point with 


metric of the form (2.3); this is equivalent to the usual notion of static in terms 
of the existence of a hypersurface orthogonal Killing field. It is easy to see that 
a locally static action has no nuts.^ 

We shall use an obvious equivalent of the above for an M action by isometries 
on a Lorentzian manifold (./#, g), with the further restriction that the associated 
Killing vector field be timelike almost everywhere. 

The main result of this section is the following: 

Theorem 2.2 Let {M,g) be as above, with g G T™’", m > 4. Suppose the free 
action at conformal infinity (9M, 7 ) is strictly globally static, i.e. 


dM = S^ X V, 


(2.4) 


and the action on (M, g) is topologically static. 

Then the action on {M,g) is locally static, i.e. {M,g) is locally of the 
form (|2.3D, (with {rt = 0} 7 ^ 0 possibly). 

Remark 2.3 The result remains true if the hypothesis of topological stability 
is replaced by the requirements that a) S is simply connected and b) {u = 0 } is 
connected, if not empty. This can be established by an analysis of the equation 
satisfied by the twist potential. 


Proof: The proof is rather long, and will be broken into two steps. 

Step I. 

’^S will be called a cross-section of a fibration if S meets every fiber at least once, with the 
intersection being transverse. 

®For a nut n £ M, the geodesic e-sphere Sn{e) is invariant under the action, which is free. 
But S'nfe) is topologically S'® for sufficiently small e, which admits no free (even topologically) 
static actions. 
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In this step, we set up the basic equations and obtain estimates on the 
behavior near infinity. 

Let LV be the twist 1-form, given by 


UJ = -U^ *j^d6 = - *M (/« A (Ik), 


(2.5) 


where k = v?{d(f) + 6) = g{K, •) is the 1-form dual to the Killing field K, 
cf. 1^, (16.7), (16.32)]. Here, the first * operator is on {T,,gY.), while the 
second is on (M, g). The twist form is horizontal, i.e. uj{K) = 0 and is invariant 
under the action, so descends to a 1-form on S. 

The condition that the 5^ action on (M, g) is locally static is equivalent to 
the condition that 

a; = 0. 


The Einstein equations imply that the 1-form a; is closed. 


du! = 0. 


( 2 . 6 ) 


It follows from (^) and (|2.6|) that, on the orbit space S, one has 

div{u~^uj) = 0. 


Hence, the divergence theorem applied to any bounded smooth domain U in T, 
implies 

I u-^uj{u) = 0, (2.7) 

JdU 

where u is the outward unit normal. In particular, choosing [7 to be a fixed 
connected neighborhood of any bolt Bi and replacing U hy U \ Bi{e), where 
Bi{e) is the e-tubular neighborhood of Bi, it follows that 


/ u ^oj{v)dA = Ki (2-8) 

JBi 

is well-defined, where is a unit normal to Bi in S. Similarly, if 5'j(e) is the 
e-sphere about the nut rij, then the limit 

lim / u~^Lo{iy)dA = kj, (2.9) 

exists, (and is finite). These integrals give the nut charge of each bolt or nut, 
in the terminology of ||T^ , §5]. Note also that since a; = 0 on any bolt or nut, 
to leading order, w(zz) ~ ±|a;| on Sj{e), where Sj{e) is the boundary of the 
e-tubular neighborhood of the bolt or nut. 

Next we turn to the asymptotic behavior of the metric g. Asymptotically, 
the metric g = g-£ on H has the form 

g = r~'^dr‘^ + + h, (2-10) 
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where 7 is the boundary metric on dM, and ||/i|| = 0{r ^), w.r.t the metric 
g, cf. g, §2]. The function u satishes u ^ r for large r, i.e. the ratio u/r is 
bounded away from 0 and 00 . From (|2.10|), observe that 


|Vr| = |dr| = r. 


( 2 . 11 ) 


Let g = p^g be a smooth, (at least compactification of g. Thus, 

1 and 

g = + 0)‘^ + g^,- ( 2 - 12 ) 


p ~ r up 


To be concrete, choose p to be the geodesic defining function determined by a 
choice of boundary metric 7 G [ 7 ]. Since the Killing held preserves the class of 
geodesics orthogonal to dM, p is invariant under the action, and so descends 
to a dehning function for SooS. In particular, dcj) and 9 are the same for g and 
g, while the norm of the Killing held w.r.t. g is pu. 

Let u) be the twist form, dehned as in (^.5|), but w.r.t. the g metric. Then 
a) extends smoothly to {M,g), since the compactihcation is smooth. A direct 
computation from (2.5) shows that, near dM, 

2u) = {up)‘^*M[{d(l) + 9) /\ d9] = {up)‘^*Y.d9 = 2{up)^p~^u~‘^uj. 

Here, we use the fact that ||d<?i||g = {up)~^ and is = P~^*T, on 2-forms. Thus 


oj = p OJ. 


(2.13) 


In particular, one has 

\u:\g = p\u}\g. (2.14) 

Since the action on the boundary is static, it follows that 4) = 0 on dM. 
Since the compactihcation is smooth, \dj\g = 0(p), and hence ( 2.14 ) gives 

|a;| = 0(1). 

We need to improve this estimate by order 1. This is done in the following 
result. 

- 2 ,-, 


Lemma 2.4 The twist form uj = p extends smoothly to dM, with 

|a;| = 0{p). 


(2.15) 


Proof: By ( ^.13|) and ( p.l4D , it suffices to show that 4) = O(p^) near dM. Of 
course both du) and 4) are smooth up to dM. 

By (|2.13|) , we have 

d4) = d(ln p^) A 4). (2-16) 

We claim hrst that if the action is static at dM, then 

(i4) = 0 at dM. (2-17) 

To see this, by standard formulas, cf. |]^ , p.lO] for example, one has in general 

dw = *{K A Ric{K)), 











where K is the Killing held w.r.t. g, (and K is identihed with the 1-form n by 
g). Thus, the vanishing - or not - of did is governed by {Ric{K),X), where X 
is orthogonal to K. However, using the formulas of |^, Lemma 1.2] for instance, 
the ambient Ricci curvature Ric at dM is determined by the intrinsic Ricci 
curvature of the boundary metric 7 ; in fact for X, Y tangent to dM, 


Ric{X, Y) = 2Ricy{X, Y) - -R^ ■ -f{X, Y). 


Now if the action on dM is static, then it is well-known that Ric-^{K, X) = 0, 
for any X orthogonal to K and tangent to dM. Similarly, if X = Xp, then 
Ric{K,X) = 0, by 0, Lemma 1.2] again. This gives (|2.17|). It follows that 


p ^duj extends smoothly to dM. 


By (2.11:), this means that p~‘^dj{X) extends smoothly up to dM, for any 
smooth vector held X orthogonal to V/?. Thus, it remains to understand the 
behavior of a)(Vp). By (|2.6|), one has 


= \p^ dK{Ti,T 2 ) = -^pug{K, [Ti,r 2 ]) , 


where K/\K\, Ti and T 2 are ^-orthonormal vector helds orthogonal to Xp. 
Hence, at dM, Ti and T 2 are tangent to the surface V in (p.4|). For further 
calculations it will be convenient to assume that XtiTj = 0 at the given (arbi¬ 
trary) point in V. This is compatible with the requirement of tangency of the 
Tj’s to V because dM is totally geodesic in M, with respect to the g metric. 
Since the action is static at dM, one has 


oj{Xp) = 0 at dM, 


(2.18) 


compare with (2.14). Thus, it suffices to prove that 


Xp{uj{Xp)) = 0 at dM. 


This is a direct computation: set /? = —\pu (which has a smooth limit on dM, 
still denoted by the same symbol) so that, using (|2.18|) one has 

Xp{dj{Xp))\aM = Pgi^vpK, [Ti,T2])+Pg{K,X^pXT,T2 - X^^Xt.Ti). 


For the first term, since K is conformal Killing on dM, one has 
5(Vvp-^, [ 7 i, 72 ]) = -g{X^Ti,T 2 ]K:^P) + A 5 (Vp, [ri,r 2 ]), both of which van¬ 
ish since the 2“^ fundamental form H = 0 at dM. 

To calculate the second term, observe hrst that for any horizontal field T 
on dM, i.e. T tangent to the V factor in (^), X^pT is also horizontal. To see 
this, using the fact that K is conformal Killing on dM, one has g{XypT,K) = 
—g{X-^pK,T) = g{XTK,Xp) = 0, since again A = 0. Now write 


g{K,X^pXT,T 2 ) = g{K,XT,X^pT 2 ) + g{R{Xp,T,)T 2 ,K) + g{X[^p^T,]T 2 ,K) . 


For the curvature term, the Gauss-Codazzi equations give g{R(Xp, Ti)T 2 ,K) = 
dA{Ti,T 2 ,K), which vanishes since H = 0 at dM. Further, again since H = 0, 
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[V/ 9 , T] is tangent to V, and hence g{V[yp rp^jT 2 , K) = 0 by ( 2.18 ). Finally, for 
the first term above, since V^pT 2 is horizontal, so is VypT 2 -, and hence the 
first term also vanishes. 

This completes the proof. In fact, with farther computation, it is not diffi¬ 
cult to show that ct>(Vp) vanishes to order 2 at dM. □ 


Step II. 

The remainder of the proof is an adaptation of a result of Heusler, |21 


Thm.8.2], on stationary asymptotically flat Lorentz metrics to the current situ¬ 
ation. The basic tool is the following Lemma, proved in the Lorentzian setting 
in 1^, (8.4)]. The proof in the Riemannian setting is essentially the same, but 
for clarity we give a complete proof. 


Lemma 2.5 Let {M,g) be a Riemannian 4-manifold, with Killing field K, with 
= |iLp and with twist 1-form lo. Then 

I |2 

d(LO A -^) = (ko A — 2 -^^ * K, ( 2 . 19 ) 

where k is the 1-form dual to K by the metric. 


Proof: Clearly it suffices to show that 

,, K , ICUP 
UJ A d{^) = 2— 3 - * K. 

To do this, we first claim that 


d{—) = 2 *{kA—). 


( 2 . 20 ) 


( 2 . 21 ) 


To verify ( p.21 ), a simple computation shows that for any 1-form a on M^, 
one has 

ix(*ct) = *(o A ^), (2.22) 


where ^ is the 1-form dual to the vector field X. Applying this io X = K and 
a = u) gives 

*{k a (u) = (k a rfft), 

where the last inequality follows from the definition of a; and the fact that = 
— 1 for 3-forms on a 4-manifold. Interior multiplication is a skew-derivation, 
and so A dn) = iK{K)dK — k A iKidn). One has = \K\^ = v?, while, 

since Ck^ = 0, iKidn) = —diKi^) = —dv?. This gives 


2* {k Auj) = u^dK + K A du^, 


or equivalently, 


u ‘^dK = —u '^KAdu^ + 2u ^*{kAuj). 
But d{u~‘^K) = —u~‘^du^ A K + u~‘^dK, which then gives (|2.21j) . 
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From (2.21), it follows that 

uj A d{—^) = 2u~'^uj A *{k Auj) = —2u~^uj A 

where the second equality follows from (^.22 ). But iK{'^ A *uj) = A * 0 ; — 

UJ A ix{*uj). Since lk^ = 0, (a; is horizontal while K is vertical), one obtains 


uo A d{—y) = 2u A*uj) = 2u '^\uj\^iKdvolM, 


which gives (2.20). 


□ 


We apply this result to the AH Einstein manifold {M,g). By (2.6), duj = 0, 
and so (|2.19|) implies 

I |2 

2-^^^ * K =—d(uj A (2.23) 


Now by assumption, the action on {M,g) is topologically static. Hence, 
there exists a cross-section l : SpuE —> (H U E) C M, such that -n o i = id. Let 
S = Imt. Thus S is an embedded hypersurface in M, which may be perturbed 
slightly if necessary to obtain a smooth hypersurface S, transverse to the 
orbits. In addition, we may assume, without loss of generality, that S' is a 
3-manifold with boundary dS, (possibly empty). The boundary consists of 
bolts, together possibly with a finite collection of points corresponding to the 
nuts. (Hence, these are not actually in dS, but just distinguished points in S. 
The metric g-£ might have a singularity there, which is sufficiently mild to be 
irrelevant for our purposes here.). Moreover, S has a boundary at infinity. 


dooS = V, 


(2.24) 


for V as in ( |2.4D , which may be assumed to be smooth, (in the given com- 
pactification {M,g)). Thus, {S,gs), where gs = 5|s is a complete Riemannian 
3-manifold with boundary. The fact that dooS = V smoothly implies that we 
may assume the 3-manifold S becomes orthogonal to the 5^ orbits on approach 
to dM, i.e. 

{K/\K\,e){x) ^0, as x^dM, (2.25) 


where e is any unit tangent vector to S' at x. 

Now integrate (2.22) over S and apply Stokes theorem to obtain 


2 /^*^ = -/ uj^^- (2.26) 

Js « JdS « 


On S', the 3-form *k = a\K\dvols, where a is the sine of the angle between 
TS and K, (at any given x € S'). Since S is everywhere transverse to K, 
a > 0 everywhere, (or < 0 everywhere, depending on the choice of orientation). 
Hence, the integrand on the left in (|2.26D does not change sign. 

The boundary integral on the right in (2.26) has two parts - the integral 
over the boundary at infinity dooS, and over the nuts and bolts dS; these will 
be treated separately. 
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First, for the integral at infinity, using the fact that S approximates S near 
infinity, by prior estimates, we have 


\UJ\ 


= 0{r ^), |k| = 0(r), and areaS{r) = 0{r‘‘). 


It follows that the boundary integrand at infinity in (|2.26| ) is bounded. Further, 
( 2.25 ) implies that for any unit tangent vector in TS, (K/|K|)(e) ^ 0 at infinity. 
Hence the boundary integral at infinity vanishes. 

For the boundary integral over the bolts and nuts, as noted in (2.5) and 
(p.S|), the integral of over bolts and nuts in the orbit space S is finite, 

i.e. the integral over the boundary of an e-tubular neighborhood tends to a 
finite limit as e —> 0. Since the volume of such a boundary approximation in 
the manifold M is small compared with that in S, and since in addition |k| is 
bounded, (|k| —> 0 in fact), it is clear that the boundary integral over bolts and 
nuts also vanishes. 

It follows then from (|2.26| ) that a; = 0 on 5. Since io is also invariant 
under the action, it follows that a; = 0 on M. This implies that {M,g) is 
everywhere locally static. 

□ 


We complete this section with the following topological result, needed for 
the work in the next section.^ 

Lemma 2.6 Let M be a compact 4-manifold with boundary. Suppose M has 
a topologically static action <I)o : ^ Diff(M) without exceptional orbits. 

If 4>i : —> Diff(M) is any other action obtained by deformation from <ho, 
i.e. there is a continuous curve <I>t of actions joining <ho and 4>i, then 4>i is 
also topologically static without exceptional orbits. 

Proof: This follows from the topological classification theorem in |]l^. Namely, 
smooth actions on M are uniquely determined, (up to smooth conjugacy), 
by discrete data associated to the orbit space S. But such data do not vary 
under continuous deformation of the action. 

More directly, the structure of the orbits near fixed points, together with 
elementary topological considerations, shows that both the existence of the set 
of fixed points, its topology, as well as the topological properties of the orbit 
space near this set are stable under continuous deformations of the metric. It 
is then easy to reduce the problem to one where 4>o has no fixed points. The 
properties just mentioned imply then that none of the <ht’s has fixed points. The 
openness of the property “having a slice” is obvious. To show that this property 
is closed, consider a sequence of actions with converging to t*. For each L 
the orbit space is a trivial principal bundle, hence has vanishing characteristic 
class. By continuity, the t*-orbit space will therefore also be a principal bundle 
with vanishing characteristic class, consequently a trivial principal bundle, as 
desired. □ 

®Useful discussions with A.Zeghib concerning this Lemma are acknowledged. 
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More general results of this kind may well hold; however Lemma 2.6 suffices 
for our needs. Note that it is easy to construct stationary and not static 
actions on any 4-manifold which admits topologically static actions. 


3 Existence and Uniqueness 

In this section, we apply the results of Section || to construct large classes 
of non-trivial static AdS vacuum space-times. In addition, several uniqueness 
results are proved. 

Throughout this section, it is assumed that (cIM, 7 ) has a free globally 
static isometric 5^ action, i.e. {dM, 7 ) is strictly globally static. Hence dM is 
topologically of the form 

dM = S^ X V, (3.1) 

where H is a closed surface. We work first in the Riemannian setting, and pass 
later to Lorentzian metrics. The metric 7 on dM is of the form 


1 = + gv, (3.2) 

with q; > 0 the length of the orbits. Modulo these restrictions, the metric 7 
may a priori be arbitrary, i.e. a and gy are arbitrary. It is worthwhile to make 
a brief dimension count here. The metric 7 corresponds to 2 free functions 
on R, after dividing out by diffeomorphisms of V; namely a and a conformal 
factor for gy. Thus, [ 7 ], after dividing by diffeomorphisms, corresponds to 1 
free function on V. 

Let Cs = Cs{dM) C C{dM) be the space of pointwise conformal classes of 
such static boundary metrics. One can choose representatives of the conformal 
class in several natural ways; by requiring that gy is of constant curvature, 
by requiring a = 1, or by requiring 7 is a Yamabe metric on dM. Of course 
generally these normalisation are all distinct. Observe that the space Cg is 
connected. 

Let M be any compact, connected oriented 4-manifold, with boundary equal 
to dM, and let 8s = Ss{M) be the moduli space of AH Einstein metrics on M, 
with boundary metrics in Cs, i.e. 


n-^(C5) = T5, 


(3.3) 


for H the boundary map as in (| 2 . 1 | ). 

By Proposition any AH Einstein filling metric {M,g) G 8s of {dM,'y), 
(if it exists), has an effective isometric action. If this action is topologically 
static on M, then Theorem |2.2| implies that the action on (M, g) is static. 


Finally, Lemma 2^ shows that the condition that the action is topologically 
static without exceptional orbits is stable, i.e. preserved under deformations. 
(This holds actually regardless of any equations.) It is clear that the isometric 
action induced on any given g £ 8s varies continuously with any continuous 
variation of g in 8s. It follows that on any given component 8g of 8s, either 
every metric g £ 8g is globally static without exceptional orbits, or no 5 ^ G 8g 
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has this property. Similarly the topology of the set of fixed points of the action 
is constant on any connected component of £g. 

In the following, we always work on a globally static component g € £g of 
£sj s-iid for simplicity write £g as £s, when there is no danger of confusion. The 
metric g € £s then has the form 

g = u^dclP' + gj:, (3.4) 


of a warped product on M = E modulo diffeomorphisms in Di, i.e. equal 

to the identity on dM. In particular, there are no exceptional orbits or nut^, 
only bolts, (if u vanishes somewhere). The 5^ action is given by rotation about 
the factor and the 3-manifold E has boundary at infinity given by 5ooE = V. 
The boundary map (2.1) thus naturally restricts to the boundary map 


^ Cs, 


on globally static components £g C £s- Both spaces Cs and £s are smooth 
infinite dimensional Banach manifolds, (again assuming £s ^ fb). In fact both 
are closed submanifolds of C and £ respectively. The restricted boundary map 

is again a smooth Fredholm map of Fredholm index 0. 

Next, let C° be the space of conformal classes of metrics on dM containing 
non-flat representative of non-negative scalar curvature. Similarly, let Cg be 
the corresponding space of strictly globally static boundary metrics. While 
it is unknown if C° is connected or not, the space Cg is connected, by the 
uniformization theorem for surfaces. As in (|3.3D , define 

£° = jr^c°, £°s = fl~^{C°s). 

By 1^, Thm.B], the boundary maps 11 and Ilg, restricted to £° and £g re¬ 
spectively, are proper maps, provided the map on homology induced by the 
inclusion, H 2 {dM,MC) is surjective. (This will be the case in all 

situations discussed below). In particular, there are only finitely many compo¬ 
nents of £° and £g. As above, in the following, we will always work in a fixed 
globally static component of £g. 

Moreover, the maps IT and have a well-defined degree on £° and £g, 
with 

de^fll = degifs G (3-5) 

The degree is computed by counting, with suitable signs, the number of points 
in the inverse image of a regular value of 11, resp. IIs. (Of course the degree 
may change on different components of £°). 

All of this discussion now carries over to the Lorentzian setting, by changing 
dcf)^ to —dt‘^ and unwrapping the 5^ to M. The boundary metric then has the 
Lorentz form 

7 = 7 ^ = -a^dt^ -I- gv- (3.6) 

Further, it is clear that each AH (Riemannian) Einstein metric ( |3.4[) corresponds 
uniquely to a Lorentz metric of the form 

Q =-u^dt^ + gY:, (3.7) 
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and vice versa. The metric 0 is a solution to the vacuum Einstein equations 
with A = —6. The bolts B = dT, = {n = 0} correspond to a horizon in the 
resulting space-time in the usual way. 

We now separate the discussion into distinct cases, according to the genus 
of V. 

3.1 V = S^. 

Then dM = M x or x in the Riemannian setting. Working first in the 
Riemannian setting, suppose that 

M = X (3.8) 

The manifold M carries a strictly globally static AH Einstein metric, namely 
the hyperbolic metric go on B^(—l)/Z, where the action of Z is generated by a 
hyperbolic translation along a geodesic. The action on M and dM are given 
by rotation in the factor in (3.8). Let £, £s and £g be the corresponding 
components containing go. Hence, by the discussion above, £s and £g consist 
of globally static AH Einstein metrics on M. 

Existence; By |Q, §7], for M as in 

degli = degBs = 1. (3.9) 

Since degli ^ 0 implies H is surjective, it follows that any boundary metric 
of non-negative scalar curvature is the boundary metric of an AH Einstein 
metric on M, m > 4. More to the point here, deglig ^ 0 implies that n 5 

is surjective onto C^, and hence any class in Cg is the conformal infinity of a 

globally static AH Einstein metric on M. Observe that 

u > 0 on M, 

so that (M, g) is in fact strictly globally static. This follows by a simple topologi¬ 
cal argument. Namely suppose u{p) = 0 somewhere in M, and for exp {ia) € , 

q G X let 4'{a,q) denote the action of on x By construction 
the orbits o. —> (/>(a, g) are homotopically non-trivial circles for all q near the 
conformal boundary. Let q be such a point and for s G [0,1] let 7 ( 5 ) be any 
continuous path from p to q. Then (p{a,'y{s)) provides a continuous deforma¬ 
tion of { 0 (a, 7 (l) = g)}a6[o,27r] to {p} = { 0 (a, 7 (O) = p)}ae[o,2n], which is not 
possible. 

Passing to the Lorentzian setting, the following corollary - which implies 
Theorem 1.1 - is now immediate. 

Corollary 3.1 Any m > 4, globally static boundary metric 

7 = -a^df + gs2, 

with a > 0 and of non-negative scalar curvature on M x 5^, is the conformal 
infinity of a complete, strictly globally static vacuum AdS metric on M x = 

mA 
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□ 


Uniqueness: It is not known in general whether there is a unique static 
Riemannian, (or Lorentzian), Einstein metric on x filling in a given 

boundary metric 7 G The boundary map Ilg is of degree 1. The Sard-Smale 
theorem |^| implies that the regular values of 115 are generic, and in particular 
dense, in Cg. Hence a generic boundary metric in Cs has an odd number of 
Einstein filling metrics in the component Sg. There are at present however no 
good arguments in favor of uniqueness in general. 

On the other hand, in the presence of more symmetry, one can obtain 
uniqueness; a similar result has been already established in |jl 2 | (extending 
a previous argument of Q) by completely different methods; 


Proposition 3.2 The standard anti-de Sitter metric go on is the unique 

globally static AdS vacuum metric on M x which admits aC"^ (or L‘^'P,p > 
conformal completion, with a conformally compactifiable smooth acausal hyper¬ 
surface orthogonal to the static Killing field, and which has boundary metric 
7 o = —dt^ + g+i, where g+i is the round metric on 5^. 


Proof: By the correspondence Lorentzian - Riemannian discussed above, it 
suffices to prove the Riemannian analogue of this. This has already been done 
in 1^, §7], using the fact that the large isometry group x SU{2) of the 
Riemannian boundary metric extends to the same isometry group of any AH 
Einstein metric, together with the classification of Einstein metrics with such 
a large isometry group on the given manifold. □ 


Next, for U = as before, assume that 


M = X 5^ (3.10) 

in the Riemannian setting. The manifold M carries a natural globally static AH 
Einstein metric, namely the Riemannian (or Euclidean) Schwarzschild metric 

fi'Schw = u^d(f + u~'^dr^ + (3.11) 

where = 1 + m > 0. The period of (f> depends on m, see the 

discussion below following (3.13). The boundary metric 70 of gschw is clearly in 
Cg while 5 schw G ^ 5 ) where the action is given by rotation in the iji-circles. 
Hence, as above, the full component £g containing ( 7 schw consists of globally 
static AH Einstein metrics on M. 

For simple topological reasons as before, any metric in has a unique bolt 
B,B = 52 . 

Existence: By |Q, §7], 

degll = 0 

and H is not onto C°. Similarly, H^ is not onto Cg. In addition, uniqueness also 
fails, in that for any regular value of 7 G there are an even number, (possibly 
0), of Einstein filling metrics. 
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Nevertheless, the moduli spaces £ 


and £s are non-empty, since the 
Schwarzschild metrics ( 3.11 ) are in Eg- Further, for a generic value of the 
mass m, the Schwarzschild metrics are regular points of IT, cf. and hence 
n(£’) and n(£’ 5 ) are varieties of codimension 0, (containing open sets), in C and 
Cg respectively. 

To any metric g ^ Eg \s associated a globally static Lorentzian-Einstein 
metric on the manifold 

= M X (M+ X 5^), (3.12) 

with metric of the form ([1.7]). The usual extensions of the space-time lead to 
smooth horizons, topologically M x within ^. 

This gives the existence of a large, infinite dimensional, family of smooth, 
conformally compact vacuum AdS black hole metrics on ^ as in ( [1.12 ). This 
is in marked contrast to the black hole uniqueness theorem in case A = 0. Of 
course the main example is the AdS Schwarzschild metric, (or spherical Kottler 
metric), 

5Schw = -u^dt^ + u~‘^dr^ + r‘^gg2^i). (3.13) 

We point out however an interesting difference in the behavior of the bound¬ 
ary maps n in the Riemannian and Lorentzian settings. Thus, note that as m 
varies, the conformal class of the boundary metric of the Riemannian (7schw in 


(3.11) varies; the boundary metric is of the form 


d(t)^ + 552 ( 1 )) 

for (j) G [0,/3], where (3 = 47rr+/(l -|- 3r^), and r+ is the smallest root of n^. 
This condition on the period of (p is due to the requirement of smoothness of 
the metric at the bolt. 

In the Lorentzian case where p is unwrapped to t, there is no such restriction 
and the full 1-parameter family of Schwarzschild metrics 5schw (m-) has the same 
boundary metric, i.e. 

—dt"^ + 552 ( 1 )- 

The same feature essentially holds for general globally static metrics on M in 
(ED- Namely, choose a Riemannian static boundary metric in Im 115, 

7 = 7 ^ = a^dp^ + gg2 ■ 


Suppose a neighborhood of [7] in Cg is also in Im II^, cf. the remarks above 
on the structure of the variety n5((?5) C Cg. In this case, one can vary a by 
a —J- (1 -|- s)a, for s G (—e,e), while remaining in Im FIs'. This gives a curve 
of distinct boundary metrics 7^, or more precisely, a non-trivial curve in the 
space of conformal classes Cg. This curve gives rise to a curve of isometrically 
distinct filling Einstein metrics g^ in the Riemannian case. Hence, one also has 
a curve g^ of isometrically distinct Lorentzian-Einstein metrics. 

However, the corresponding curve of Lorentzian boundary metrics 7^" are 
all isometric, in that there is a curve of diffeomorphisms ips of dM, [tps 7^ id), 
such that {ipsYlo = 7^- Namely, 

Is = -0^(1 + s)'^dY +gg 2 = -01(70), 
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where 'il^s{t,q) = ((1 + s)t,q), q G 5^. 

Thus, if one identifies such boundary metrics differing only by a dilation of 
the t factor, one then has local 1-parameter families of distinct AdS globally 
static vacuum Lorentz metrics with the same boundary metric. Presumably, 
the 1-parameter comes from an appropriate notion of mass. 

Regarding uniqueness, we have the following analogue of the black hole 
uniqueness theorem when A = 0, or analogue of the rigidity of anti-de Sitter 
space in Proposition 3.2. 

Proposition 3.3 The AdS Schwarzschild metrics gschvii'm) are the unique 
globally static vacuum metrics on M x (M+ x 5^), smooth up to the horizon, 
which admit a (or L2 ,p 

,p > 4) conformal completion, with a conformally 
compactifiable smooth acausal hypersurface orthogonal to the static Killing field, 
with boundary metric 70 = —dt^ + g+i, where g+i is the round metric on 5^. 

Proof: The proof is the same as that of Proposition 3.2. Thus, it suffices to 
prove this in the Riemannian setting, and this has already been done in [Q, §7], 
using the fact that any AH Einstein filling metric has an isometric 5^ x SU (2) 
action. □ 


Propositions 3.2 and |3.3| have the following important corollary: 


Theorem 3.4 The standard AdS metric and the domain of outer communi¬ 
cation of the AdS Schwarzschild metrics fl'schw(RT'); ni > 0, are the unique 
static globally hyperbolic (in the sense of manifolds with boundary) vacuum met¬ 
rics which admit (or ,p > 4) conformal completions, with conformally 
compactifiable acausal spacelike surfaces (with perhaps an interior boundary on 
which u vanishes), without degenerate event horizons, and with boundary metric 
(at infinity) 70 = —dt^ + 5 + 1 , where 5+1 is the round metric on 


Proof: Global hyperbolicity implies that g has the global representation 
so that the Riemannian counterpart of g) satisfies all the hypotheses of 
Section (The non-degeneracy of the event horizons ensures compactness 
of the associated Riemannian manifold, compare |H, Section 3].) The large 
isometry group forces the topology of the filling space-time to be that considered 
in Propositions 3^ or |3.3|, and the result immediately follows. □ 


As usual the above claim concerns only the domain of outer communication. 
No natural reasonable conditions are known which would guarantee some form 
of uniqueness beyond the event horizon. We note that there are at least two 
ways of adding a boundary {u = 0} to the set {u > 0} on the Cauchy surface: 
either by gluing in a sphere (which becomes a boundary for the new manifold), 
or by gluing in a MP^ (which becomes an interior surface for the new manifold). 


3.2 V = Tfi 

Then = M x T^, or dM = S^ x T^ = T^ in the Riemannian setting. First 
consider the Riemannian setting. As filling manifold, we choose 

M = X (3.14) 
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where is a disc filling some (Z = dM. This manifold carries the 
“generalised Riemannian AdS black hole” metrics 


grp 2 {m) = [u + {u^ds^ + r"‘ 7 o)]/r, 


(3.15) 


where = (r^-^), m > 0 , 70 is the flat metric on and T is any flat 

lattice in = M X Here T is arbitrary, subject to the constraint that the 
C M^/r bounding the disc D'^ in ( |3.14| ) has 70 -length depending on m, to 
give a smooth metric where m = 0 ; this is the same issue as the constraint on 
/? following (3.12). Alternately, prescribing the 70 -length determines m. The 
action of T on has many distinct extensions to an action of T on the universal 
cover M = x R^, cf. |^, §4.3 and 4.4] for further details. 


A simple computation shows that the metrics ( 3.15 ) all have non-positive 
sectional curvature and hence they are regular points of H, cf. @ 0 - In fact, 
the metrics 57^2 are all locally isometric. Thus, as before, n(T) is a variety of 
codimension 0 in C. 


However, in general, metrics of the form ( 3.15 ) are not globally static w.r.t. 
any action - they are only locally static. Moreover, they are locally static 
w.r.t. many 5^ actions. Because the proof uses global arguments, we do not 


know if Theorem 2.2 holds for locally static actions on dM, (although we 
expect this to be the case). 

In this situation, = 0 - there are no non-flat metrics of non-negative 
scalar curvature on dM = T^, and the degree theory breaks down. In fact the 
boundary map H is not proper on flat boundary metrics 70 on x T^; 

there are infinitely many distinct AH Einstein metrics gi = 5 ^( 70 ), all of the 
form ( 3.151) with a given conformal inhnity (S^ x T^, 70), for any fixed flat metric 
7o. The infinite sequence comes from the infinite number of ways C dM 
may bound a disc in ( |3.14 ), or equivalently the infinite number of extensions 
of a given T action to an action on M. We point out that these metrics gi lie 
in distinct components Sg of the full moduli space Sg in (^). Thus, £3 in 
fact has infinitely many distinct components £g, each consisting of static AH 
Einstein metrics on M, cf. again |^, §4.4], for further details. 

Because the degree theory breaks down, there is currently no general exis¬ 
tence theorem for AH Einstein metrics on M with prescribed conformal infinity, 
as in Corollary Nevertheless, as mentioned above, each component £g of 
£3 containing a black hole metric is a large, infinite dimensional space, with 
n(£^^) containing open sets of C 3 . 

We turn to the Lorentzian situation below, but first prove the following 
uniqueness theorem for Riemannian AH Einstein metrics with a flat boundary 
metric on T^. 

Proposition 3.5 Let^o be aflat metric ondM = = S^xS^xS^. Then any 

AH Einstein metric with conformal boundary class [70] is of the form ( |3.15|) . 
Further, for every 70 there exists precisely a countable infinity of distinct filling 


AH Einstein metrics ( 3.15 ), each member of this family being uniquely deter¬ 
mined by specifying which C T^, (not necessarily a product factor), bounds 


the disc in ( 3.14 ) 


19 



















Proof: Any AH Einstein metric g on a manifold N with conformal infinity a 
flat metric on has an effective isometric action, by Proposition |2.1| . In 
particular, the principal orbits of this action are all flat tori, and so the manifold 
N must be of the form M in ( 3.14 ). On the universal cover the metric takes 
thus the form 


grr{r)dr‘^ + gij{r){dx^ + {r)dr){dx^ + U\r)dr) , 

with r in an interval / C M. We wish to show that without loss of gener¬ 
ality the metric can be taken to be diagonal]^. Choose tq € /, a change of 
coordinates x* —>■ y® = x® -t- W{s)ds sets the C/®’s to zero. A reparameteri¬ 
zation of I leads to grr = 1- By a linear change of coordinates we can achieve 
= dj. A further (r-independent) rotation of the coordinates leads to 
drgij{ro) = diag(aQ, 6 q, Cq). Now, the Einstein equation for g implies a second 
order system of ODE’s for gij (for the reader familiar with general relativity, 
these are the usual ADM evolution equations with zero shift and with the square 
of the lapse function replaced by — 1 ), giving a unique solution for every set of 
strictly positive numbers ao,bo,co; this set will be referred to as “set of equa¬ 
tions GE”. (Here we do not normalize the scalar curvature, demanding only 
strict negativity, so that there is no “scalar constraint equation”.) On the other 
hand, the equations which are obtained by assuming that the metric is diagonal 
(see e.g. |^) show that there also exists a solution with gij{r) — diagonal for 
all r. Uniqueness of solutions of the “set of equations GE” implies that in the 
above coordinate system gij{r) is indeed diagonal. It follows that there exists 
a coordinate system in which the metric g is of the form 


where a, b, c are functions of r only, while the 0 ®’s form a constant coefficients 
basis of the space of one-forms anihilating dr- It is now a straightforward 
computation to see that the only such metrics which give a smooth Einstein 
conformally compactifiable metric on M are of the form ( 3.151) (compare |^ , 
|2^). This justifies uniqueness. 

As in the discussion prior to the proposition, there is a countable infinity of 
possible choices of which simple closed geodesic P C will bound the disc 
occurring in (3.14), and each such choice will lead to a different filling metric, 
uniquely determined by P, as follows:^ let 70 be an arbitrary flat metric on 
T^, and let P ~ C be the simple closed geodesic which will be hlled 
by a D^. Let (p G [0,27r] be a 27r periodic affine parameter on P, and let 
{(fii, ip 2 , (ps) € [ 0 , 27r]^ be a coordinate system on such that <y9i|r = p>-, <P 2 \v = 
= 0, and such that the one-forms d<pi are 70 -covariantly constant. Let 0® 

^°The argument given here is a straightforward rephrasing of the usual argument that 
Bianchi I metrics are diagonal. 

alternative way of understanding the non-uniqueness is as follows: any flat metric 7 
on T® can be represented by a constant coefficient matrix 7 = . The representation 

is unique up to a linea r rela beling of the V 5 ®’s, U , with U j € SL{3, Z). If we decree 

that the factor in (S.l'l) fills the first 5® factor of T®, then each choice of L'j will lead to 
a different filling metric. 
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be a 7 o-orthonormal co-frame on with 6 ‘^{dip^) = 6 ‘^{dip^) = 0. Rescaling 
7 o by a constant factor if necessary we can assume that the 70 -length of F 
equals 27r, thus 9^{di) = 1. Parameterising by polar coordinates (p, (^ 1 ) G 
[0,1) X [0,27r] we extend the 0*’s to x so that = 0^{dp) = 0. Let 

r : [ 0 , 1 ) —> [1/2,00) be any diffeomorphism of [ 0 , 1 ) with [ 1 / 2 , 00), then the 
desired smooth filling metric is 

g = u~‘^dr‘^ + u^{6^)‘^ ( 6 »^)^) , 


with 


u^(r) = — 2 m/r , m = 2 ^ . 


□ 


Now we turn to the Lorentzian setting, still assuming that dM = x T^, 
so that = R X T^. Suppose first that the associated Lorentzian space-time 
^ takes the form 


^ = R X X 5^) , 


(3.16) 


with M = X {D^ X S^). Here the static action on dM comes from a free 
globally static action on the factor in ( 3.14 ). Since the orbits do 
not bound a disc in M, it follows that the 5^ action is strictly globally static. 
Hence, the corresponding Lorentz metric on ^ as in (3.16) is a strictly globally 
static vacuum AdS metric and so has the form 


g = -v?dt^ -h c/s, 


(3.17) 


where S = x and tt > 0 on S. 

The same remarks on the existence of a large space of such vacuum AdS 
solutions as in the Riemannian case apply here also. 

The main examples in this situation are the Horowitz-Myers AdS soliton 
metrics, [^, in dimension 4: 

grp 2 {m) = —r^dt^ + u~‘^dr‘^ + {u^ds\ + r‘^ds\)/TQ^ (3.18) 


where = (r^ “ ^), and Tq is any lattice acting on R^ = R^(si, S 2 ). 

The Riemannian-Lorentzian correspondence and Proposition 3.5 then im¬ 
ply immediately the following uniqueness result for the AdS soliton metrics. 
This result generalises a recent result of Galloway, Surya and Woolgar 0 , 0 , 
in dimension four. We note that the S'L(3,Z) discrete degrees of freedom of 


Proposition |3^ are reduced now to SL{2, Z) discrete degrees of freedom: 


Proposition 3.6 All conformally compactifiable static vacuum AdS metrics on 
RxiD^xS"^ with acausal conformally compactifiable hypersurfaces orthogonal to 
the static Killing vector and with (conformal) boundary metric the flat product 
—df^ -I- 7o on R X are of the form ( 3.18^ . Further, for any such 70 there is 
precisely a countable family of filling Einstein metrics ( 3. 181) , each member of 
this family being determined by specification of the C (not necessarily a 
factor of the product x S^) bounding the disc in (|3.16D . 
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□ 


It seems of interest to make some comments about cylindrically symmetric, 
or axially symmetric, strictly globally static metrics. Let g by any of the vacuum 
Lorentzian metrics on M x x 5^ mentioned after ( p.l7 ). Unwinding the last 
S^~factor and calling 2 : the associated coordinate along M one obtains a 2 - 
periodic solution on M x x M = M x If the boundary metric is invariant 
under rotations of the = dD^ factor, then so is the filling metric, and we have 
thus obtained a 2 -periodic axi-symmetric solution. If, instead, the boundary 
metric is invariant under rotations along the last S^-factor, the resulting filling 
metric will be invariant under 2 ;-translations. It is a corollary of Proposition |3.6| 
that all appropriately regular cylindrically symmetric strictly globally static 
solutions in the class considered here belong to the Horowitz-Myers family; the 
latter correspond to the cylindrically symmetric strings of Linet with the 
constant K in equal to one. 

Next, we turn to the case where there is a horizon. In this situation, the 
action on dM is taken to be rotation in the factor bounding D^. Hence, the 
Lorentzian manifold is of the form 


= K X 


xT^). 


(3.19) 


The metric is of the form (3.17), but with a non-empty M x horizon {u = 0}. 
Again the same remarks on the existence of a large infinite dimensional family 
of such AdS black hole metrics apply as before. 

Similarly, the Riemannian-Lorentzian correspondence and Proposition 3.5 
give immediately the following uniqueness theorem. Note that the discrete 
degrees of freedom of Proposition have disappeared, since the bounding 
a disc has been chosen to correspond to the M factor: 


Proposition 3.7 The AdS black hole metrics 


grp 2 {m) = —vF'dt^ -|- u “^dr"^ -|- (r^7o)/ro, (3.20) 

where v? = (r^ — ^), 70 is the flat metric on R^, and Tq is any lattice acting on 
R^ = R X R, are the unique globally static vacuum conformally compactifiable 
AdS metrics with a smooth acausal conformally compactifiable hypersurface or¬ 
thogonal to the static Killing field (with a boundary on which u = 0) and with 
boundary metric the flat metric —df^ -|- R^/Pq. 


□ 


As in the 5^ black hole case, as m varies, the boundary metrics are fixed, 
for a given lattice. 

Similarly to Theorem 3.4, we obtain; 


Theorem 3.8 The Horowitz-Myers metrics and the domains of outer commu¬ 
nications of the toroidal Kottler metrics are the only static globally hyperbolic (in 
the sense of space-times with boundary) vacuum metrics which admit (or 
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p > 4) conformal completions, with conformally compactifiable Cauchy 
surfaces (with perhaps an interior boundary on which u vanishes), without de¬ 
generate event horizons, and with boundary metric (at infinity) 70 = —dt^ + go, 
where go is a flat metric on In the strictly static case there is precisely 
one distinet filling Horowitz-Myers metric for each choice of an C (not 
necessarily a product factor) which bounds a disc in the filling space-time. 


A possible interpretation of Theorem |3.8| is that metrics as above are clas¬ 
sified (up to discrete degrees of freedom) by their global (Hamiltonian) mass 
M: negative M leads to the Horowitz-Myers strictly static solutions, positive 
M leads to the Kottler black hole solutions, solutions with zero M do not ex¬ 
ist. Note that M is proportional to the parameter m appearing in ( 3.20 ) in 
the black hole case, and proportional to minus the parameter m appearing in 
( 3.18 ) in the strictly static case. In the Horowitz-Myers case this point of view 
is somewhat misleading, as the mass itself is actually determined by [ 70 ] and 
the choice of the filling disc: thus, to every boundary class [ 70 ] one can uniquely 
associate a discrete sequence of masses .|3 


3.3 H ^ > 2. 

Then dM = R x T.g, X T,g in the Riemannian setting. Again, there exist 
no metrics of non-negative scalar curvature on dM, and so there is no degree 
theory. 

There are no known strictly globally static AH Einstein metrics on M x Hg, 
where Hg is a 3-manifold with dHg = (for instance Hg a handlebody). It 
has been conjectured that in fact no such strictly globally static solutions exist. 
On the other hand, suppose 


M = xT., 


(3.21) 


On such an M, one has the Riemannian genus g AdS black hole metrics 


2 I — 2f j 2 I 2 

g = u dcp + u dr -\- r g^i, 


(3.22) 


where = — 1 -|-r^ — and g-i is a hyperbolic metric on (As before, the 
period of (f> depends on m). These metrics are globally static, and so the full 
component Ss containing such metrics consists of globally static AH Einstein 
metrics on M. Each of these metrics has negative sectional curvature and so 
is a regular point of H, as in the case. As before then, Im Hg is a variety 
of codimension 0 in C 5 . Thus, again one has the existence of large, infinite 
dimensional space of such AH Einstein metrics, and a correspondingly large 
space of Lorentzian globally static AdS vacuum genus g black hole metrics. 
These metrics are of the form (p.l7) with E = and with horizon {u = 0} = 


X E 


9 - 


^The construction of the proof of Proposition 3.5 gives m = 2 ^ for all metrics, in the nor¬ 


malisation of the boundary metric in which the bounding has prescribed length. However, 
when defining mass with V = one needs to normalise the 70 -area of this will lead to 
distinct masses of the filling metrics once some such normalisation has been chosen. 
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A uniqueness theorem as in Propositions 3.2, |3.3| , etc. for such metrics with 
constant curvature boundary metric on Tig remains currently an open problem 
however. This is because the symmetries of {Tg, g-i) are only local symmetries, 
and the analogue of Proposition ^ in this context, (i.e. for local symmetries), 
remains open. 


4 Properties of the Lorentzian solutions 


Consider any strictly globally static Lorentzian metric as constructed in the 
previous section, thus we have ^ = M x S with the vacuum metric 

Q =-u^dt‘^ + , (4.1) 


as in (3.7). We wish to justify the properties of g) listed in the Introduction. 
Now, point m follows by construction. Point ^ follows from what has been said 
in the proof of Theorem 2.2. Point is a straightforward corollary of point |^. 
The geodesic completeness of the static metrics so obtained is a special case of 
the following result; 


Theorem 4.1 Let T = cISUS be a compact manifold with boundary. Consider 
a space-time {.JK = M x S, g) such that 


g = -V^dt^+g^, ^xV = .^xgj:=gii{X,-)=G, (4.2) 


X = dt, with V strictly bounded away from zero. Suppose that V~‘^g^ can be 
extended by continuity to a differentiable Riemannian metric 'g^, on T, such that 
dT is totally geodesic in {T,'gjf). We also assume that V~^ can be extended by 
continuity to a differentiable function on T, with Q vanishing precisely on 
dT and dLl nowhere vanishing on dT. Then (.^, g) is geodesically complete. 


Remark 4.2 The hypotheses of Theorem 4.1 are satished by all the metrics 


obtained by “Wick rotation” of metrics considered in the proof of Theorem 2.2 


Proof: Along any maximally extended affinely parameterised geodesic r(s) = 
(t(s), 7 (s)) we have 


l(«(^-L)=«. 

g(f,f) =: 7 e { 0 ,± 1 } . 


Let —S’ denote g(X, f), then dS/ds = 

0 and 


dt 


(4.3) 

ds 

p2 ’ 

52(7,7) 


(4.4) 

= + 

Since V is strictly bounded away from 

zero, (4.3) implies that t cannot blow up 


along P in finite affine time s. 

For spacelike geodesics (|4.4D implies that gT,{j,'f) is uniformly bounded, and 
completeness of P follows from the geodesic completeness of (T,gj]). 
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For timelike geodesics we have r/ = — 1 and since g's( 7 , 7 ) > 0, (4.4) shows 


that 


1/2 < ^2 


along r. It follows that F stays away from the conformal boundary M x d'S, 
and timelike geodesic completeness easily follows. 

Null geodesics of g are also null geodesics of the optical metric 


-dt^ + V ■ 


The proof that any null geodesic which stays away from dT, is complete pro¬ 
ceeds as in the timelike case. It remains to consider a null geodesic F which 
approaches Let r(r) = F(s(r)) be a reparameterization of F so that r is an 
affine parameter with respect to the optical metric. Then r can be chosen so 
that r(r') = (r, ^(n)), where 7 is a unit-speed geodesic of the metric g-^. By hy¬ 
pothesis 7 meets dT, in finite time. The totally geodesic character of dT implies 
that 7 has to meet dT transversally, and the completeness of F follows from 
the usual formula for the change of affine parameter of null geodesics under 
conformal rescalings of the metric. □ 


Returning to the justification of our claims from the introduction, we note 
the well known fact that ON-tetrad components of any finite number of co¬ 
variant derivatives of the Riemann tensor are uniformly bounded on M for all 
Riemannian conformally compactifiable metrics. In the obvious tetrad associ¬ 
ated with the representation (^) of g, the algebraic invariants of the associ¬ 
ated Lorentzian metric g will be polynomials with constant coefficients of those 
tetrad components, and point ^ immediately follows. Global hyperbolicity in 
point ^ is established in the course of the proof of Theorem 4.1 of |13|. 

It remains to consider the question of existence of other, perhaps only locally 
defined. Killing vector fields. Consider a space-time g) as in Theorem |4.1| 
and suppose that there exists an open subset of ^ with a Killing vector field Y 
defined there, such that Y is not proportional to X. Now, it is well known that 
T admits an analytic atlas with respect to which g is analytic. This allows us 
to make use of a theorem of Nomizu |31], and conclude that Y can be extended 
to a globally defined Killing vector field on the universal cover M x S of M x S. 
In particular, for any point p G dT there exists a (9S-neighborhood ^ of p 
such that the algebra of Killing vector fields defined on M x \ dT) is at least 
two-dimensional. Now, Killing vector fields are conformal vector fields of the 
conformally rescaled metric. Further, conformal Killing vector helds satisfy an 
overdetermined system of ODE’s of third order, which easily implies that they 
extend to the conformal boundary as conformal Killing vectors there. This can 
happen only for very special a’s and ^y’s in (tl. 2 |), which justifies our claim 
in the introduction. Point ^ is an obvious corollary of point 

Identical arguments apply to those static solutions which have zeros of u, 
leading to black hole space-times. 


Acknowledgements: PTC acknowledges useful discussions with Witold 
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